Dynamics of an aerodynamic pendulum in steady air°ow is studied using di®erent modeling approaches: phenomenological model, where the unsteady e®ects are simulated using an oscillator attached to the pendulum, and modi¯ed method of discrete vortices (MMDV). It is shown that behavior of the pendulum according to the attached oscillator model agrees with data given by MMDV for a wide enough range of parameter values, and the applicability domain of the attached oscillator model is larger than that of the traditional quasi-steady approach. Stability of the \along the°ow" equilibrium is studied depending on system parameters. It is shown, in particular, that this equilibrium loses its stability when the moment of inertia of the pendulum increases, if the rotation point is located in a certain range of distances upstream from the center of pressure.
Introduction
Aerodynamic pendulum is a very interesting object from the point of view of both theory and applications. On the one hand, it is a good \playground" for developing, analysis and comparison of di®erent phenomenological approaches to modeling the unsteady interaction of rigid body with°ow (which remains quite actual problem, because such models contain relatively small number of parameters and allow quick and e±cient analysis). On the other hand, it can be used as element of di®erent constructions, for example, wind power generators of di®erent types.
Making real experiments on study of unsteady interaction of rigid body with°ow is complicated. So it seems reasonable to compare phenomenological approaches with results of numerical hydrodynamic experiment where air load is computed based on solving hydrodynamic equations. Such information will be useful, in particular, for identi¯cation of parameters and applicability domains of phenomenological models and for design of dedicated real experiments.
In the present paper, dynamics of the aerodynamic pendulum is studied using the \attached oscillator" model, 1 the hydrodynamic analog being two-dimensional computation with the numerical method of discrete vortices. 2 
Problem Statement and Motion Equations
Consider an aerodynamic pendulum, that is, a rigid body consisting of a weightless holder OA and a wing with symmetric airfoil (Fig. 1 ) that can rotate about¯xed axis O. The system is placed in air°ow with constant speed V at in¯nity. Let l be the holder length. We assume l > 0 if rotation center O is located upstream with respect to the point A, and l < 0, otherwise. Let be the angle of rotation of the pendulum.
We neglect the aerodynamic load upon the holder and suppose that the°ow is two-dimensional. In order to take into account unsteady e®ects arising during the motion of the object under consideration, it is necessary to describe the internal dynamics of the°ow. For that, we use the approach proposed in Ref. 1 , where the internal dynamics of the°ow is simulated using an oscillator G attached to the wing. It is interesting to note that usage of pendulum-type systems for modeling of di®erent technical and natural objects (though without consideration of°ow) was described, for example, in Refs. 3 and 4. Assume that the oscillator is attached to the chord in the center of pressure C so that point G can move along the normal to the chord. Let be the oscillator length CG, l 0 be the distance AC.
Assume also that the aerodynamic force is applied to the point G, and its normal and tangential components have the following structure:
Here is the air density, S is the wing area, V G is e®ective°ow speed, that is, speed of point G with respect to the°ow at in¯nity, G is e®ective angle of attack, that is, angle between V G and the chord, C n , C are nondimensional coe±cients of normal and tangential force, correspondingly. Their dependence on the e®ective angle of attack is the same as in steady case, and can be determined from static experiments. Values of G and V G are given by the following formulas:
From steady experiments it is known that for thin enough airfoils and small angles of attack the tangential force coe±cient is much less than the normal force coe±cient. So, we neglect this component of the aerodynamic force. Then the motion equations of the aerodynamic pendulum with the attached oscillator look as follows:
Here J is the moment of inertia of the pendulum with respect to the point O, F e ¼ Àk À h _ is elastic force, m, k, h are mass, sti®ness, and damping of the oscillator. Equations (2)À(5) along with (1) make a closed equation system.
As for symmetric airfoil we have C n ð0Þ ¼ 0, it is evident that the position \along the°ow" ( ¼ 0, ¼ 0Þ is equilibrium.
In order to simplify the notation, we choose the units of measurement so that where b is the chord length) . Then motion equations linearized in the vicinity of the above mentioned equilibrium are as follows (taking into account that C n ðÞ ¼ C n for small ):
From the system (6) and (7) one can readily obtain the necessary and su±cient conditions of the asymptotic stability of the \along the°ow" equilibrium:
n . The domain of stability for di®erent values of l and J is qualitatively shown in Fig. 2 (shown with grey color) .
It should be noted that conditions (8) and (9) are stricter than those given by the traditional quasi-steady approach, where only inequality (9) remains. From (8) one can readily see that if C n ðC n þ hÞ > mk then the following statements hold. If the rotation center is situated far enough upstream from the center of pressure (l > C n =k À l 0 ) then for any value of the moment of inertia the equilibrium under consideration is asymptotically stable. If Àl 0 < l < C n =k À l 0 then for large enough J this equilibrium will be unstable. It should be noted that stability loss is of oscillatory type. Finally, if l < Àl 0 then the instability takes place for all values of J.
This qualitative result agrees with Ref. 5 , where it is shown that°utter for such pendulum is possible for upstream positions of the rotation center, if the moment of inertia is large enough, the unsteady aerodynamic loads being simulated using Theodorsen functions. In Ref. 6 the results of wind tunnel tests are given that conrm the phenomenon of such stability loss. However, the range of distances between the rotation center and the center of pressure, where this phenomenon occurs, was not determined in both cited papers.
Hydrodynamic Simulation
For the numerical experiment, computational software developed and patented in the Institute of Mechanics of Lomonosov Moscow State University was used. This software realizes, in particular, the modi¯ed method of discrete vortices (MMDV). 2 In this method, based upon the conventional method of discrete vortices by Belotserkovsky (e.g. Ref. 7), a vortex layer separating from the edges is simulated using two or more chains of vortex elements. As opposed to the traditional method of discrete vortices, using multiple chains of vortices allows taking into account nonzero initial thickness of the vortex layer separating from the body, upon its stability. For instance, if perturbations with small enough wavelength act upon the layer, then nite thickness of the layer leads to stabilization of the layer (this follows from the well-known hydrodynamic stability theory of Rayleigh). The advantage of MMDV is that it allows correct taking into account this fact, thus indirectly simulating the in°uence of viscosity that shows itself in formation of vortex layers with¯nite (nonzero) thickness. 
Numerical Experiments
Suppose that external force F ext ðtÞ normal to the chord is applied to the mid-chord that depends on time as follows: Fig. 3 . Transient processes. E®ects of moment of inertia and holder length: (a) NACA0012, l ¼ 1, If at t ¼ 0 the pendulum was in equilibrium position then transient process will occur for t > 0. Calculations of this transient process under the action of the force (10) were performed for two airfoils (NACA 0009 and NACA 0012) at di®erent values of holder length and moment of inertia.
Values of C n were obtained using calculations with MMDV for pendulum¯xed at di®erent pitch angles. Based on MMDV results, parameters of the attached oscillator were identi¯ed: m ¼ 1:5, k ¼ 3:0, h ¼ 8:0. These values were used for all calculations.
Typical examples of time-dependences of the angle are shown in Fig. 3 . Curves with index 1 denote the results given by the \hydrodynamic experiment", dashed curves with index 2 denote results given by the attached oscillator model, and curves marked with 3 mean results given by the traditional quasi-steady approach.
Obviously, calculations with MMDV and with the attached oscillator model are in good enough agreement (including the stability loss for high values of JÞ, while data obtained using the quasi steady approach di®er from them considerably.
Conclusion
It is shown that description of behavior of the aerodynamic pendulum using the attached oscillator model agrees well enough with results of numerical experiments based on MMDV in wide range of values of parameters. It is shown that the \along the°ow" equilibrium loses its stability at su±ciently large values of the moment of inertia, if the rotation center is in a certain range of distances upstream with respect to the center of pressure, which agrees with wind tunnel tests. Using results of numerical experiments on the basis of MMDV allows e±cient identifying parameters of phenomenological models without necessity to make wind tunnel experiments.
